An Engel manifold is a 4-manifold with a completely non-integrable 2-distribution called Engel structure. I research the functorial relation between Engel manifolds and Contact 3-orbifolds. And I construct an Engel manifold that the automorphism group is trivial.
Introduction
In 1999, Montgomery [2] gives an example with "small" automorphism group.
Question (AIM Problem lists 1 ). Is there an Engel structure with trivial automorphism group?
We construct such an Engel manifold. However, the following question is open.
Question (Mitsumatsu). Is there a closed Engel manifold with trivial automorphism group? Definition 1.1. Let E be a 4-manifold. An Engel structure on E is a smooth rank 2 distribution D ⊂ T E with following condition:
has rank 3, and D 3 :
The pair (E, D) is called an Engel manifold.
and let π : E → M is the projective map. Now, we define a rank 2 distribution D on E in the following way:
is a line that cross the origin. By the way, we define D l
is called the Cartan prolongation, and we denote this P(M, ξ).
The functor (M, ξ) → P(M, ξ) is fully faithful. In particular, Aut(P(M, ξ)) ∼ = Aut(M, ξ) is a "very big" (infinite dimmensional) group. [1] , [3] ). Let (E, D) be an Engel manifold. There exists a unique rank
The above L is called the characteristic foliation of (E, D). Any 3-dimensional submanifold M ⊂ E intersecting transversally L has a contact structure D 2 ∩ T M . And any vector field tangent to L preserves the "even contact structure" D 2 . In particular, any holonomy of L is a germ of contact morphism. Immediately, E/L has a contact structure D 2 /L.
For simplicity, suppose that E/L is a manifold, Let π : E → E/L be the quotient map. We define an Engel morphism φ : E → P(E/L, D 2 /L) Theorem 1.4 (Y. [4] ). Let (E, D) be a connected Engel manifold. Suppose that E/L is a manifold. If the development map φ is not covering, then the above Φ is injective. y, z) . And the contact struc-
Example 1.6. Fix a point x 0 ∈ R 3 and a number n ∈ Z ≥0 .
is not covering.
the twisting number function
Let (E, D) be a connected Engel manifold. Suppose that E/L is a manifold.
Definition 1.7. The above σ is the twisting number function of (E, D). Proof. Obvious.
Construction
Take a countable dense subset Q = {x n } ∞ n=1 ⊂ R 3 . E def = R 4 − n {x n } × ((−∞, −nπ] ∪ [nπ + ǫ, ∞)) (ǫ ∈ (0, 2π]). D is as with Example 1.5. Theorem 2.1. Aut(E, D) is trivial.
Proof. The twisting number function σ is the following:
For any f ∈ Aut(E, D), the induced automorphism f : R 3 → R 3 is the identity on Q. Because Q ⊂ R 3 is dense, f is the identity on R 3 . So f is the identity.
